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Abstract
We analyse properties of photon migration in reflectance measurements made
on a semi-infinite medium bounded by a plane, in which optical parameters
may vary in directions neither parallel to, nor perpendicular to the bounding
plane. Our aim in doing this is to develop the formulae necessary to deduce
parameters of directionality from both time-gated and continuous wave
measurements. The mathematical development is based on a diffusion picture,
in which the bounding plane is regarded as being totally absorbing so that all
photons reaching the surface contribute to the reflectance.

1. Introduction

A recent paper has analysed several effects of anisotropic optical properties on the migration
of photons in a turbid medium (Dagdug et al 2003). Our analysis is motivated by biomedical
applications to optical tissue properties, e.g., muscle, skin, white matter in the brain and
dentin. Such tissues are characterized by anisotropic optical properties since scattered
photons propagate preferentially along the fibres. The appropriate imaging and spectroscopic
techniques were discussed recently in Nickell et al (2000) and Kienle et al (2003). The
migration of photons in Dagdug et al (2003) was modelled in terms of a nearest-neighbour
continuous time random walk (CTRW) (Weiss 1994). In that analysis the interior of the
medium is represented by a simple cubic lattice bounded by one or two parallel planes able
to absorb photons and convert them to observable light. Measurements of light re-emitted
from the absorbing plane or planes provide data needed to estimate optical parameters of the
tissue interior. The earlier theory in Dagdug et al (2003) has been successfully applied to
experiments carried out by Sviridov et al (2004) in which intensity profiles of linearly polarized
light backscattered from skin and tissue-like phantoms were measured. These investigators
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Figure 1. Schematic diagram of both the time-gated and cw measurements, for simplicity drawn
in two dimensions. The optical parameters lie along the dashed lines which are canted at an angle
θ from the z-axis.

showed that, by analysing polarization measurements, in all cases considered, i.e., a delrin
slab, demineralized bone, mice and human skin, almost all of the backscattered photons
detected at distances of greater than 1 to 2 mm from the entry point had experienced multiple
scattering events, thus validating the use of diffusion or random walk models. Comparison
of the experimental data with formulae for backscattered intensity distributions given in
Dagdug et al (2003) allowed the investigators to estimate the scattering coefficients parallel
and perpendicular to the fibres.

In models based on diffusion or random walk theory, the absorbing boundary in the case
of a semi-infinite medium is the plane defined by z = 0. By convention, positive z corresponds
to points in the interior of the tissue. A transport-theory-based analysis concentrating on
parameters other than those considered in this note is to be found in a paper by Heino et al
(2002). The model described in Dagdug et al (2003) assumes that the laser radiation impinges
on the planar boundary along an axis perpendicular to the plane boundary. However, optical
properties of tissue cannot always be assumed to be these special configurations. Consequently,
a more general model would seem to be useful in the application of optical methods in
biomedical applications.

The formalism based on the CTRW has the advantage that, with a proper choice of
pausing-time density and the random walk defined on a simple cubic lattice, the model can be
solved exactly (Weiss et al 1998). This greatly simplifies the exploration of optical parameters
required to interpret experimental results. However, the most useful set of results, from the
qualitative point of view, is obtained by passing to the diffusion limit as in Dagdug et al
(2003), in which case the mathematical description of the anisotropy is based on the use of
a diagonal diffusion tensor whose nonzero elements are allowed to differ from one another.
In this paper we show how the theory described in Dagdug et al (2003) can be generalized to
apply to cases in which the optical properties are constant in directions differing from those
parallel to the coordinate axes. As in Dagdug et al (2003), in order to simplify the analysis,
we consider only the special case in which two of the three elements of the diffusion tensor
are equal. A straightforward extension of the results given here can be developed to treat the
more general case in which all three of the tensor elements are allowed to differ.

In time-gated experiments, at a fixed position of the detector, a laser pulse enters the
tissue and the reflectance response is measured as a function of time. In the continuous wave
(cw) experiment a continuous laser beam is used and measurements of reflectance are made
as a function of distance. In figure 1 the anisotropy is illustrated by the dashed lines, and
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the angle θ is measured with respect to the z-axis. In three dimensions there can be at least
two more angles so that in the most general case there are three different probabilities. We
will not analyse this most general model that takes three angles into account, but assume, as a
simplification, that two of the angles are equal.

The rest of the paper is divided into two major sections. Section 2 contains a derivation
of the propagator that characterizes photon trajectories in the system which is the basis
for predicting the pattern of photon reflectance both in time-gated experiments and in cw
measurements. In section 3 we use the expression for the propagator to suggest techniques
for estimating underlying properties of the optical parameters.

2. Derivation of reflectance in time-gated measurements

2.1. Definition of parameters

To define the physical system, the position of a point in the laboratory frame of reference
will be denoted by r = (x, y, z). The plane defined by z = 0 is an interface between the
tissue and the exterior, with values of z > 0 pointing into the medium, while x and y are the
coordinates transverse to the z-axis. The two optical parameters describing optical properties
of the assumed homogeneous tissue are µ′

s , the transport-corrected scattering coefficient, and
µa , the absorption coefficient. The validity of the Beer–Lambert law will be assumed. This
means that the probability of migrating within the tissue for a dimensionless time τ without
being absorbed internally is exp(−ντ), where τ = kt is a dimensionless time, the parameter
k being the inverse of the mean time between successive scatterings. The dimensionless
absorption parameter, ν, is related to the two optical coefficients by ν = µa/µ

′
s .

We wish to describe and analyse a system whose optical properties are rotated with
respect to the absorbing interface. To do so, one starts by defining a point in space in terms
of a coordinate system determined by the directions of the optical parameters. A point in this
skewed coordinate system is defined by an affine transformation of the laboratory frame of
reference. A point in the rotated coordinate system will be denoted by r′ = (x ′, y ′, z′).

2.2. The diffusion tensor

In this section we provide the theoretical infrastructure allowing us to express properties
of the optical parameters in terms of measurements of I (R, τ ), the reflectance through the
tissue surface that appears at a target point R = (X, Y, 0), at time τ . Let the two equal
diffusion constants in the skewed coordinates be denoted by Dx ′(= Dy ′) and let the third be
Dz′ = BDx ′ , where the parameter B will be termed the bias parameter. This is a measure
of the diffusive spreading along the z′-axis as opposed to that along the remaining two axes.
The diffusion constant Dx ′ , as is standard, is related to the scattering coefficient as Dx ′ =
(3µ′

s)
−1. The diffusion tensor is therefore of the form

D′ =

Dx ′ 0 0

0 Dx ′ 0
0 0 Dz′


 = Dx ′


1 0 0

0 1 0
0 0 B


 (2.1)

so that B = 1 corresponds to isotropic diffusion. When B > 1 diffusive propagation tends
to be more pronounced along the z′-axis than along the x ′ and y ′ axes while B < 1 implies
slower propagation along the z′-axis.
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Figure 2. Schematic diagram defining the rotation angles ϕ and θ .

2.3. Relating laboratory and rotated coordinates

A first step in deriving an expression for the propagator is to derive a transformation matrix,
M, taking one from the laboratory frame of reference to the rotated set of coordinates. In
figure 2 we define the rotation angles ϕ and θ as respectively being a rotation around the
z-axis followed by one around either the x or y axis. This matrix is to be inserted into the
relation r′ = Mr, where r′ is a position vector in the rotated coordinate system, and r is
the corresponding one in the laboratory system. The precise form of the transformation is
found by multiplying two rotation matrices together (Goldstein 1950):

M = MθMϕ (2.2)

where

Mθ =

1 0 0

0 cθ sθ

0 −sθ cθ


 Mϕ =


 cϕ sϕ 0

−sϕ cϕ 0
0 0 1


 . (2.3)

To make the notation more compact we have abbreviated the trigonometric functions by
writing cθ = cos θ, sθ = sin θ , and so forth. Equation (2.2) is explicitly written as the
composite transformation equations

x ′ = xcϕ + ysϕ

y ′ = −xcθ sϕ + ycθcϕ + zsθ

z′ = xsθ sϕ − ysθcϕ + zcθ

(2.4)

with the corresponding inverse relations

x = x ′cϕ − y ′cθ sϕ + z′sθ sϕ

y = x ′sϕ + y ′cθcϕ − z′sθ cϕ

z = y ′sθ + z′cθ .

(2.5)

The new set of coordinate axes, rotated with respect to the laboratory frame of reference,
establishes a one-to-one relation between points in the laboratory coordinates and those in
the rotated frame of reference. It was shown in Dagdug et al (2003) that the asymptotic
forms of both the propagators and the measured surface intensity as functions of the spatial
parameters are spatially uncorrelated when expressed in terms of laboratory coordinates. It
should be noted that the matrix M corresponds to a rotation first around the z-axis followed
by a rotation around the y-axis. The most important coordinate system from the physical
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point of view is the laboratory coordinate system, which is the only one accessible to the
experimenter who initially has no information related to the directionality of the optical
parameters. Measurements of surface reflectance intensity provide data from which, in theory,
it is possible to estimate optical properties of the medium.

2.4. Solution for the propagator

A standard solution to the diffusion equation in the rotated coordinate system can be found
assuming that the initial condition is r0 = (0, 0, z0) where the unit of length, z0, can be
taken to be a scattering length. By appealing to equation (2.4) we see that the corresponding
quantity in the rotated coordinates is

r′
0 = (0, z0sθ , z0cθ ). (2.6)

An exact solution for the free-space propagator in the rotated coordinate system is

p(F)(r′, τ |r′
0) =

(
1

4πDx ′τ

)3/2 1

B1/2
exp

{
− 1

4Dx ′τ
[(x ′)2 + (y ′ − z0sθ )

2

+ (z′ − z0cθ )
2/B] − ντ

}
(2.7)

which is essentially the propagator for the standard diffusion equation provided that B is
incorporated into the term in brackets, as is done in the preceding equation. An expression
for the exponent in equation (2.7) in terms of laboratory coordinates is given in appendix A.

To take the absorbing boundary into account we require that the probability density for
the displacement at time τ , expressed in terms of laboratory coordinates, should vanish when
z = 0. It follows from equation (2.5) that in the rotated coordinates the plane on which we
require the probability density to vanish is the solution to y ′sθ + z′cθ = 0 or

z′ = −y ′tθ (2.8)

where tθ = tan θ . To convert the free-space propagator to one satisfying the boundary
condition at z = 0 one needs to subtract from equation (2.7) a solution to the diffusion
equation to ensure that the difference vanishes when equation (2.8) is satisfied. Let this
second solution be denoted by q(r′; τ) which we write as

q(r′; τ) = 1

(4πDx ′τ)3/2
exp

{
− (x ′)2 + (y ′ − z0U)2 + (y ′tθ + z0V )2/B

4Dx ′τ
− ντ

}
(2.9)

where U and V are constants which are determined by requiring that the propagator vanish on
the surface

p(F)(r′; τ) − q(r′; τ) = 0 (2.10)

when equation (2.8) is satisfied.
Our ultimate goal is to express the propagator and surface intensity in laboratory

coordinates since the only information available from experiments is found from the
reflectance. In performing the derivation it will prove convenient to introduce a parameter �

by

� = 1 − 1

B
(2.11)

so that B = 1, the isotropic case, corresponds to � = 0. After some algebra, one finds that
the parameters U and V in equation (2.9) are
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Figure 3. Evolution of the intensities as a function of time in a time-gated experiment for two
values of the bias, B = 0.1 and B = 5. The parameter values used in generating the curves are
z0 = 1, ϕ = 0, θ = π/6 rad.

U = sθ

[
�

(
1 + c2

θ

) − 1
]

1 − �s2
θ

V = −cθ

[
1 + �s2

θ

]
1 − �s2

θ

. (2.12)

The denominator in these expressions cannot vanish since 1 − �s2
θ = c2

θ + s2
θ

/
B is always

positive.

2.5. The surface intensity

Any estimate of the underlying parameters must be based on the reflectance at the surface.
The surface intensity at point R = (X, Y, 0) at time τ will be identified as the flux of photons
through the interface. This intensity can be found from the relation

I (R; τ) = −Dx

∂p

∂z

∣∣∣∣
z=0

(2.13)

which can be expressed in terms of the rotated coordinates as

I (R; τ) = −Dx

(
sθ

∂p

∂y ′

∣∣∣∣
z′=−y ′tθ

+ cθ

∂p

∂z′

∣∣∣∣
z′=−y ′tθ

)
. (2.14)

The expression for I (R; τ) which follows from this equation is quite complicated. It is
given as a function of the angles and bias in appendix B. However, the expression given
there can be simplified by observing that the scattering length z0 will generally be small
in comparison with other lengths that describe the system. Figure 3 contains curves of the
re-emitted intensity as a function of distance for different values of time. This is taken from
equation (2.14) for a sampling of different parameters.

If we include the parameter z0 explicitly in the expression for the intensity, writing it as
I (R; τ |z0), we observe that this function must vanish when z0 = 0. Hence we can expand
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I (R; τ |z0) around z0 = 0 and retain only the first term which is proportional to z0. The
result of doing so produces

I (R; τ |z0) ≈ z0
∂I (R; τ |z0)

∂z0

∣∣∣∣
z0=0

=
z0 exp

[− 1
4Dx′ τ RQR′ − ντ

]
(4πDx ′)3/2

(
1 + B�c2

θ

)
τ 5/2

(2.15)

in which Q is the 2 × 2 matrix

Q =
(

1 − s2
ϕs2

θ � cϕsϕs2
θ �

cϕsϕs2
θ � 1 − c2

ϕs2
θ �

)
(2.16)

and R′ is the transpose of R. An expression for the quadratic form RQR′ in terms of laboratory
coordinates is

RQR′ = X2
(
1 − �s2

θ s
2
ϕ

)
+ 2XY�s2

θ cϕsϕ + Y 2
(
1 − �s2

θ c
2
ϕ

)
. (2.17)

Since � takes values only in the range (−∞, 1) the diagonal elements of Q are always
positive and, in fact, Q is positive definite for all values of B. Therefore, the equi-intensity
contours in the exponential in equation (2.15) correspond to an ellipse. Figure 4(a) shows
the rotation of the ellipse as a function of ϕ for B = 0.1, B = 5, angle θ fixed at π/6 rad,
and τ = 10. The value B = 1 or � = 0 gives rise to a circle so that all dependence on the
angles disappears. Figure 4(b) is the analogous figure for changes in eccentricity of the ellipse
as a function of θ when ϕ is set equal to 0. It should be noted that the centre of the ellipse
remains at the origin. In fact, there is a slight displacement of the centre of the ellipse from
the origin, but this is a second-order effect, i.e., it is proportional to z2

0 and consequently would
be extremely difficult to measure with any accuracy.

3. Estimation of optical parameters

3.1. Diagonalization of Q

When x, y axes are fixed on the surface it is possible to diagonalize the matrix Q in
equation (2.16) to determine the angle between axes of the ellipse and those of the laboratory
coordinate system. The rotation of the ellipse also yields the ratio of lengths of the semi-axes
of the ellipse since these are just the diagonal elements of the rotated matrix.

Let the angle between the semi-axis of the ellipse and the X-axis be denoted by ξ . To
find this angle we define new spatial variables by X̄ and Ȳ , writing

X = X̄cξ + Ȳ sξ Y = −X̄sξ + Ȳ cξ . (3.1)

The new coordinates lie along the two axes of the ellipse. The angle by which the ellipse
is rotated, ξ , is found by substituting this transformation into RQR′ and choosing ξ so as
to eliminate the cross term X̄Ȳ . Doing so leads to the result tan 2ξ = − tan 2ϕ or ξ = −ϕ,
so that the observed angle of rotation can only provide information about the rotation
angle ϕ, but not about the remaining two initially unknown parameters, B or θ .

The equation

RQR′ = C2 = constant (3.2)

defines an ellipse the lengths of whose two semi-axes are C and C
/(

c2
θ + s2

θ

/
B

)1/2
. Thus, the

ratio of the lengths of the two semi-axes of the ellipse, LX̄ and LȲ , is

LȲ

LX̄

= 1√
1 − �s2

θ

=
√

B

Bc2
θ + s2

θ

(3.3)
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Figure 4. (a) Rotation of the ellipse of iso-intensity lines as a function of the angle ϕ when the
angle θ is held fixed at 30◦ and for the values B = 0.1 and B = 5. (b) Rotation of the ellipse of
iso-intensity lines as a function of θ when ϕ = 0. Here again B = 0.1 and B = 5.

or

1 − �s2
θ = (LX̄/LȲ )2. (3.4)

The relation in the last two equations depends on both B and θ and is independent of the
parameter C in equation (3.2). Since the major and minor axes of the ellipse can be measured,
we have an estimate of 1 − �s2

θ . A second equation containing these parameters must be
found to provide an estimate of B and θ when Dx ′ is known.

To provide this relation we observe that I (R; τ |z0) has a single maximum as a function
of time τ , as may be confirmed from the relation in equation (2.15). Let this maximum occur
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at τmax(X̄, Ȳ ). If we expand the result in powers of ν, and retain only the constant term on the
grounds that ν is generally quite small we find

τmax(X̄, Ȳ ) ≈ 1

10Dx ′

[
X̄2 + Ȳ 2

(
1 − �s2

θ

)]
(3.5)

which again depends only on the combination 1 − �s2
θ so that τmax(X̄, Ȳ ) has the same

information related to B and θ as that provided by the ratio in equation (3.3). The parameter
Dx ′ can be estimated from this relation since the remaining terms depend only on the angle ϕ

and
(
1 − �s2

θ

)
. The surface intensity at the maximum is

Imax(R; τ |z0) ≈ z0

exp
(− X̄2+Ȳ 2(1−�s2

θ )

4Dx′ τmax(X̄,Ȳ )

)
(4πDx ′)3/2

(
1 + B�c2

θ

)
τ

5/2
max(X̄, Ȳ )

= z0
e−5/2105/2Dx ′

(4π)3/2B
(
1 − �s2

θ

)[
X̄2 + Ȳ 2

(
1 − �s2

θ

)] . (3.6)

Since the factor 1 − �s2
θ is given in equation (3.4) where it is expressed in terms of the

(LX̄/LȲ )2 we may use this relation to find B in terms of the remaining parameters. Figure 3
shows some graphs of the surface intensity at two values of B. One sees from the four sets
of curves that Imax(R; τ |z0) is approximately Gaussian and that there is a slight shift of the
maxima of the curves, the direction of the shift depending on the bias. The value of B at which
the crossover occurs is B = 1.

3.2. CW measurements

The reader will observe that all of the formulae given so far have been derived using the
assumption that Dx ′ is known. A second kind of measurement is required to determine this
parameter. The measurements so far were time-gated. A simple alternative to this class
of measurements is to make a continuous-wave experiment. That is to say, we return to
equation (2.15) and integrate I (R; τ |z0) with respect to τ . To express the result define the
function

a = RQR′

Dx ′
. (3.7)

One then finds that∫ ∞

0
I (R; τ |z0) dτ = z0

(4πDx ′)3/2
(
1 + B�c2

θ

) √
πν

a

[
1 +

1√
πa

]
e−√

νa. (3.8)

When νa is very small this reduces to∫ ∞

0
I (R; τ |z0) dτ ≈ z0

4πDx ′
(
1 + B�c2

θ

)
(RQR′)

. (3.9)

The parameter Dx ′ can be found from this equation as well as from equation (3.6). Although
the preceding analysis has omitted the effects of internal absorption such effects are easily
incorporated into the analysis at the cost of slightly more complicated formulae. The absorption
is also relatively easy to estimate from the long-time behaviour of data from time-gated
experiments.



3988 O K Dudko et al

4. Conclusions

We have shown that it is theoretically possible to estimate the two angles that define the
anisotropy, as well as estimating the bias using a combination of time-gated and continuous-
wave measurements. However, the changes in the surface intensity will sometimes depend
only weakly on changes in angle as can be seen from figure 4. A more comprehensive study
of the parameter space is therefore warranted. Finally, we note that the same techniques for
analysing the consequences of anisotropy can be used to estimate optical parameters when
the assumption that two of the transition probabilities are equal is dropped. The resulting
theory essentially follows the analysis of the theory related to Eulerian angles as discussed in
Goldstein (1950).

Appendix A. Terms of the exponential in equation (2.7)

The two components required for the evaluation of the exponential in equation (2.7) are

(x ′)2 + (y ′ − z0sθ )
2 = x2

(
c2
ϕ + c2

θ s
2
ϕ

)
+ y2

(
s2
ϕ + c2

θ c
2
ϕ

)
+ (z − z0)

2s2
θ + 2xys2

θ cϕsϕ

− 2x(z − z0)cθ sθ sϕ + 2y(z − z0)cθ sθ cϕ (A1)

and

(z′ − z0cθ )
2 = x2s2

θ s
2
ϕ + y2s2

θ c
2
ϕ + (z − z0)

2c2
θ

− 2xys2
θ cϕsϕ + 2x(z − z0)cθ sθ sϕ − 2y(z − z0)cθ sθ cϕ. (A2)

Appendix B. Exact expression for the surface intensity

The surface intensity is found in terms of the flux as given in equation (2.13) in which

∂p

∂z

∣∣∣∣
z=0

= 1

16π3/2(4Dx ′τ)5/2
exp

[
− (xcϕ + ycϕ)2

4Dx ′τ
− ντ

]
{E1(θ, ϕ, R) − E2(θ, ϕ, R)} (B1)

where the Ei(θ, ϕ) are

E1(θ, ϕ) = [
�cθsθ (Xsϕ − Ycϕ) + z0

(
1 − �c2

θ

)]
× exp

{
− [(Xcθ sϕ − Ycθcϕ + z0sθ )

2]

4Dx ′τ
−

1
B
{(Xsθ sϕ − Ysθcϕ − z0cθ )

2}
4Dx ′τ

}
(B2)

and

E2(θ, ϕ) =
[
�cθsθ (Xsϕ − Ycϕ) + z0

(
Usθ − V cθ

B

)]

× exp

{
− [(Xcθ sϕ − Ycθcϕ + z0U)2]

4Dx ′τ
−

1
B
{(Xsθ sϕ − Ysθcϕ + z0V )2}

4Dx ′τ

}
.

(B3)
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